Bernoulli’s inequality (for integer cases)

(1+x)">1+nx @)
with conditions:
(@ (1)istrue VneNuU {0} and VxeR, x2>-1.
(b) (1) is true Vne2N and VxeR.
The strict inequality: (I+x)">1+nx @)

is true for every integer n=>2 and every real number x>-1 with x # 0.

(The strict inequality is not discussed in the following.)

Proof 1 Use Mathematical Induction

Condition (a)

Let P(n) be the proposition: (1 +x)">1+nx vneNuU {0} and VxeR, x2>-1.
For P(0), 1+x)"=121+0x . P(0) is true.

Assume P(k) is true for some keZ, k>0,

that is, (1+x)k2 1 +kx VkeNuU {0} and VxeR, x2>-I. 3)

For P(k+1),  (1+x)'=1+x) 1 +x)
>2(1+kx)(1+x) , by (3) andalsonote thatsince x=>-1,the factor (x+1)=0.
=1+k+1)x+k<
>1+k+1)x
P(k+1) is also true.

By the Principle of Mathematical Induction, P(n) is true VneN U {0} and Vxe R, x2>-I.

Condition (b)

Let P(n) be the proposition: (1 +x)" > 1+ nx Vne2N and VxeR.
For P(0), 1+x)°=1>1+0x . P(0) is true.

For P(2), a1+ x)2 =1+2x+x°>1+2x, sincex’>0, Vxe R.

S P(2) s true.

Assume P(k) is true for some keZ, k>0,

that is, (1 +x)k2 1 +kx VkeNuU {0} and VxeR, x2>-I. 4)
For P(k + 2),
1+ =1 +x)" (1 +x)>> 1 +kx)(1 +2x), by (4) and P(2).
=1+ (k+2)x+2kx
>1+(k+2)x, sincek>0 and x>0, VxeR.

.. P(k +2) is also true.
By the Principle of Mathematical Induction, P(n) is true V ne2N  and Vxe R.

Condition () is discussed only in the following.




Proof 2 Use AM. > GM.
Consider the A.M. and GM. of n positive numbers (1 + nx), 1, 1, ....,1 [with (n-1) “1”’s]

1 I1+1+....+1
A+nx)+1+1+....+ >1/1+nx).1.1....1

n

DX 1+ %)

n

(1+x)">1+nx @)

Note : Numbers should be positive before applying A.M. — G.M. theorem.

1
In the numbers used in A.M.-GM. above, ] >0and 1+nx>0,ie. x>——.

n
However, if 1+nx<0, sinceitisgiventhat x>-1,or x+12>0,
LHS. of()=(1+x)">0
RHS.of ()= 1+nx<0
s (1+x)">0> 1 +nx, which is always true.
1
.. x2>-landnot x>—— can ensure (1) is correct.
n
Proof 3 Use Binomial Theorem
n n n n
(a) Forx>0, 1+x)" :1+nx+(2jx2+(3)x3+(4)x4+....+( )x“z 1 +nx %)
n

(b) Forx=0, obviously (1+x)">1+nx is true.
(¢) For -1<x<0, (The proofbelow is not very rigorous.)

Put y=-x, then 0<y<l,

=y =t-ny+| -y =[ D ly Ty = e[ Ty (©)
2 3 4 n

Put y =0, we have:

0=(1-1)" :1‘“*@‘@{2]—~--+(‘D“@
@j_(§j+(jj_._.,+(_l)n(z]:n_l>0 "

Now 0<y<l, .~y >y >.>y"

Therefore in (7), each term is multiplied by a factor that is smaller than the term before,

n 2 n 3 n 4 1 n n n >0 8
(Lol o

From (6),
(I1-y)">1-ny for0<y<l.

or (I+x)">1+nx for -1 <x<0.



Extension of Bernoulli’s inequality

Given x > -1, then
(@ (1+x)<1+rx for 0<r<l1 9)
(b) (1+x)>1+rx for r<0 or r>1 (10)

Firstly we give the proof that r is a rational number first.

Proof 4 Use AM. > GM.

Since r e Q, r:B
q

(@) Let 0<r<l1,..p<q, q-p>0. Alsol+x>0,

1 1- _
(1+xf= (1+x)° =yfazxyrre <2LE0*+1@=p) (GM. <AM.)
q
:px+q:1+2x:l+rx
q q
(b) Let r>1,

(i If 1+rx<0,then (1+x)>0>1+rx.
@) If 1+rx>0, rx>-1.
. 1 v 1
Since r>1,wehave 0<—<1.By(a)we get: (I+rx) <l+-rx=1+x
r r

S(ITHX) =21 +1x

Letr<0, then -r>0.

Choose a natural number n sufficiently large suchthat 0<-r/n<1 and 1>rx/n>-1.

By (@), 0<(l1+x)™" <1+1x>0.

n
2 -1
Since 1217(3)() :(pixj(uix):[pixj >1+1x (11)
n n n n n
Hence by (11),
(1+x)r2(1+£xj 21+n(£xj:1+rx.
n n

Again, equality holds if and only if x = 0.

Note : If r is irrational, we choose an infinite sequence of rational numbers 1}, 1, 13, ....,

such that r, tends to r as n tends to infinity. For part (a), we can extend to irrational r:

(1+x)" =lim(1+x)" <lim(l+rx)=1+rx.

Similar argument for part (b) completes the proof for the case where r € R.



Proof 5 Use analysis
Let fx)=(1+x)—-1-rx where x>-1 and reR\{0,1} (12)

Then f(x) is differentiable and its derivative is:
£ ) =r(1 +x)" —r=r[(1+x)"" 1] (13)

from (13) wecanget f’(x)=0<x=0.

(a If 0<r<l1, then f’x)>0 Vxe(-1,0) and f’(x)<0 V xe (0,+x).
x=0 is a global maximum point of f.
f(x) < f(0)=0.

(I+x)<1+r1x for 0<r<l.

(b) If r<0 or r>1, then f’(x)<0 Vxe(-1,0) and f’x)>0 V xe (0,+x).
x=0 isa global minimum point of f.
f(x) > f(0) = 0.

(I+x)>1+r1x for r<0 or r>1.

Finally, please check that the equality holds for x=0 orfor re {0,1}. The proofiscomplete.
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